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ANDERSON LOCALIZATION FOR THE DISCRETE 
ONE-DIMENSIONAL QUASI-PERIODIC SCHRODINGER 
OPERATOR WITH POTENTIAL DEFINED BY A 
GEVREY-CLASS FUNCTION 

o 

^ ■ SUM US KLEJN 

o , 

D i Abstract. In this paper we consider the discrete one-dimensional 

. Schrodinger operator with quasi-periodic potential v n = \v(x + nui). We 

assume that the frequency ui satisfies a strong Diophantine condition 
and that the function v belongs to a Gevrey class, and it satisfies a 
transversality condition. Under these assumptions we prove - in the 
perturbative regime - that for large disorder A and for most frequencies uj 
the operator satisfies Anderson localization. Moreover, we show that the 
£C) ' associated Lyapunov exponent is positive for all energies, and that the 

[~~. ' Lyapunov exponent and the integrated density of states are continuous 

f*"^ ■ functions with a certain modulus of continuity. We also prove a partial 

04 ' nonperturbative result assuming that the function v belongs to some 

particular Gevrey classes. 

m ' 
o 

1. Introduction and statements 

r- ! - 

The discrete one-dimensional Schrodinger operator with quasi-periodic 
potential is the selfadjoint, bounded operator H(x) = H w ^\(x) on ^(Z) 
defined by 

(1.1) H Ut x(x) := -A + Xv(x + nio)5 n ^ n , 
^ \ where A is the discrete (lattice) Laplacian on fe^) : 

(1.2) {Au) n := u n+1 + u n 

In v is a real valued function on T = R/2-7rZ, that is, a real valued 

27r-periodic function on K., x is a parameter on T, uj is an irrational frequency 
and A is a real number called the disorder of the system. 

We may assume the following on the data : 

• (Strong) Diophantine condition on the frequency : uj € DC K C T for 
some k > 0. That is, 

(1.3) dist (ku, 2vrZ) =: | \ku\ \ > k ■ ^,,,^3 V k G 

|fe|(iog(i + \k\)y 

Notice that mes [T\DC K ] < k. 
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• Gevrey-class regularity on the function: v is a smooth function which 
belongs to a Gevrey class G S (T) for some s > 1. That is, 

(1.4) sup\d m v(x)\ < MK m {m\) s Vm > 

for some constants M, K > 0. 

This condition is equivalent (see Chapter V.2 in |Kaj l to the fol- 
lowing exponential-type decay of the Fourier coefficients of v: 

(1.5) \v{k)\ < Me"* |1/S VfceZ 
for some constants M, p > , where 

(1.6) u(s) = ^v{k)e ikx 

We will use (fT3)l instead of JOJ). 

• Transversality condition on the function : v is not flat at any point. 
That is : 

(1.7) VieT ]m>l so that d m v(x) ^ 

Notice from (|1.4|1 or (|1.5|) with s = 1 that the Gevrey class G 1 (T) is the 
class of analytic functions on T. The transversality condition (|1.7|) on a func- 
tion in this class, simply means that the function is non constant. Therefore, 
the Schrodinger operator with a potential given by a function which satisfies 
the Gevrey class regularity condition (|1.4|) and the transversality condition 
(|1.7[) is a natural generalization of the non constant analytic case considered 
in [B], [BO], HIBl- 
Notice also that s\ < S2 => G Sl (T) C G S2 (T), so the greater the order 
of the Gevrey class is, the larger the class becomes. 
Let's recall the following definitions (see also |B]): 

Definition 1.1. We say that an operator satisfies Anderson localization if 
it has pure point spectrum with exponentially decaying eigenfunctions. 

Definition 1.2. Consider the Schrodinger equation: 

Hu,\{x)u = Eu 

for u = [u(n)] n EZ C M. Then 



where 



M N (E) = M N ( X ^X,E):= f[ ( M* + 3»)~E -1 \ 

j=N ^ ' 

is called the transfer (or fundamental) matrix of Ijl.lj) . 
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Define further 



L N (E)=L N (E,u,X) := j ^ log \\M N (x, E)\\ dx 



and 



L(E) := lim L N (E) 
L(E) is called the Lyapunov exponent of 

Definition 1.3. For any interval AcZ centered at the origin, let E\(x) 
denote the set of eigenvalues of the operator H(x) restricted to A with 
Dirichlet boundary conditions. Set 

N A (E, x) := #[(-«,, E) n E A (x)} 

The ergodic theorem implies that the (weak) limit (in the sense of measures) 
lim N A (E,x) =:N(E)=N U)X (E) 

|A|^oo 

exists for a.e. x G T (and it does not depend on re up to a set of measure 0). 

N(E) is called the integrated density of states (IDS) of the operator H(x) 
and it is linked to the Lyapunov exponent by the Thouless formula: 



L(E) = j \og\E - E'\dN(E') 



The main result of this paper is the following : 

Theorem 1.1. Consider the Schrddinger operator kl.l\) 

Hw } \{x) := -A + \v(x + nuj)5 n y 

Assume that v G G S (T), where s > 1, v satisfies the transversality condition 
jl.7\ ) and uj £ DC K for some k > 0. There exists Xq = \q(v,k) so that the 
following hold: 

(P) For \X\ > Xq, the Lyapunov exponent of 11. 1)) is positive for all ener- 
gies E £R: 

(1-8) L w , A (£)>ilog|A|>0 

(C) For \X\ > Ao, the Lyapunov exponent L^^E) and the integrated 
density of states N 0Jt \(E) are continuous functions of the energy E, with 
modulus of continuity - on any compact interval L - at least as good as 

(1.9) h(t) = C e -c|log*l" 

where C = C(L, X,v, k, s) and c, rj are some positive absolute constants. 

(AL) Fix xo G T, and X so that \X\ > Ao- Then for a.e. frequency 
uj G DC K , H U) \{xq) satisfies Anderson localization. 
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The theorem above is a perturbative (so weaker) result, because the size 
of the disorder A depends on k too (not only on v), so there is a a dependence 
on the frequency to. However, when v is 'close' to being analytic, we can 
prove the following: 

Theorem 1.2. Consider the Schrddinger operator 

(1.10) H u (x) := -A + v(x + nto)5 n ^ 

Assume that v G G S (T), where 1 < s < 2 and to G DC K for some n > 0. 
Assume also that the Lyapunov exponent of \l.lfl\) is positive 

(1.11) L U (E) > c > 

for all to G DC K and for all E G I, where I is some compact interval. Then 
we have: 

(C) The Lyapunov exponent L U (E) and the integrated density of states 
N UJ (E) are continuous functions on I, with modulus of continuity at least 

(1.12) h(t) = C e~ cllogtlv 

where C = C(I ,v, n, s), c is some positive universal constant and 
rj = n(v, k, s), with 7] — > as s — ► 2. 

(AL) Assume that holds for a.e. to € DC K and for all Fix 

xq G T. Then for a.e. to G DC K} H uj (xq) satisfies Anderson localization. 

Remark 1.1. The disorder in Theorem 11.21 is fixed. We don't assume 
the transversality condition (|1.7|) on v, but we assume the positivity of the 
Lyapunov exponent. 

The statement (C) in this theorem extends the continuity result of Theo- 
rem 6.1 in |GSj from a potential given by an analytic function to one given 
by a more general Gevrey-class function of order s < 2. We are not able 
to get Holder continuity as in |GSj though, but only the weaker modulus of 
continuity (|1.12|) . 

The statement (AL) in this theorem extends the localization result of The- 
orem 10.1 in [B] or of Theorem 1 (for dimension 1) in BG] from a potential 
given by an analytic function to one given by a more general Gevrey-class 
function of order s < 2. 

Therefore - at least when v G G S (T) with s < 2 - the problem of showing 
continuity of the Lyapunov exponent and of the IDS and Anderson local- 
ization for the operator (jl.lOj) is reduced to the one of proving positivity of 
the Lyapunov exponent. 

There is a long list of related results in the literature. We will mention 
only the ones that are most relevant to this paper : 

- In 1991, E. Sorets and T. Spencer considered (see |S-S| ) the operator 
Etu:,\{x) given by (|1.1|) - with any frequency to and a nonconstant analytic 
function v. They proved that for |A| > Ao, where Ao depends only on 
v, the Lyapunov exponent is bounded away from zero for all energies E: 
L(£)>±log|A|. 
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- In 1997, L. H. Eliasson considered (see |E|) the operator H^^\{x) given 
by - with frequency uj satisfying a (weak) Diophantine condition and 
the function v satisfying the Gevrey-class regularity and the transversality 
condition. Under these assumptions, he proved - using KAM methods - that 
for |A| > Ao, where Ao depends on the function v and on the Diophantine 
condition on uj, the operator H W! \(x) has pure point spectrum for a.e. x £ T. 
Moreover, this implies, using Kotani's theory (see |Simonj . |B] ) that the 
Lyapunov exponent is non zero for a.e. energy E. The author has also 
suggested that the argument could be modified to obtain exponential decay 
of the eigenfunctions, but he has not provided a proof of it. 

- In 1999, S. Jitomirskaya proved (see jjj) Anderson localization for the 
Almost-Mathieu operator, that is, for the operator (|l,lj) with v{x) = cosx. 
The result in jj] is nonperturbative (and very precise): for any Diophantine 
uj, for a.e. x, and for |A| > 2, there is only point spectrum with exponentially 
decaying (at exactly the Lyapunov rate) eigenfunctions. 

- In 2000, J. Bourgain and M. Goldstein considered (see |BG| . [B]) the 
operator H UJ (x) given by (|1.10|) - where uj satisfies a weak Diophantine con- 
dition and v is a nonconstant analytic function. Assuming also that the 
Lyapunov exponent is positive: L UJ {E) > for a.e. uj and for all E, the 
authors prove that the operator H u! (x) satisfies Anderson localization - with 
exponential decay of the eigenfunctions at almost Lyapunov rate - for ev- 
ery x and for a.e. uj. This - combined with E. Sorets and T. Spencer result 
mentioned above - implies nonperturbative Anderson localization for the op- 
erator Hu,\{x) given by (jl.lj) assuming uj is a Diophantine frequency, v is a 
non constant analytic function, and A is a large enough disorder - depending 
only on v. 

- In 2001, M. Goldstein and W. Schlag proved (see that on every 
compact interval on which the Lyapunov exponent is bounded away from 
zero, both the Lyapunov exponent and the IDS are Holder continuous func- 
tions of the energy. In this paper, the function v defining the potential of 
H w (x) is non constant and real analytic, while the frequency uj satisfies a 
(strong) Diophantine condition. 

- In 2001, J. Bourgain, M. Goldstein, W. Schlag proved (see [BTTS] ) An- 
derson localization and positivity of the Lyapunov exponents for the skew- 
shift model, with potential given by a non constant analytic function. Their 
result is perturbative - the disorder of the system depends on the frequency. 

Our paper shows basically that the methods in [B], |BG| and especially 
in |GSj . |BGSj are robust enough to allow more general potentials, namely 
those defined by a Gevrey-class function which also satisfies the transver- 
sality condition. We have not been able, though, to get nonperturbative 
results, other than a partial one, Theorem 11.21 We will follow closely the 
ideas in the aforementioned papers. 

We prove a large deviation theorem (LDT) for the transfer matrices as- 
sociated to (HU) or (jTTTUj) . As in jBG"S] and [GSj . this LDT will be used to 
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prove the positivity of the Lyapunov exponent in the perturbative case, and 
the continuity of the Lyapunov exponent and of the IDS in both the pertur- 
bative and the nonperturbative cases. This LDT will also imply, as in [B*] . 
|BG| . 'good bounds' on the Green's functions associated to or Ijl.lOj) . 
Because of the exponential-type decay 1)1. 5J) of the Fourier coefficients of our 
function v, the same arguments - using semi- algebraic set theory - from B , 
|BG| . will apply similarly to this more general situation, eventually proving 
Anderson localization for these operators. 

The challenge is then to prove the LDT for the transfer matrices Mjsrix). 
The LDT says that un(x) := i log || Mat (x)\\ is close to its mean (integral) 
denoted by < un > for all x outside a small set (where how 'close' or 'small' 
will be expressed in terms of the scale N). 

In [B|, |BG| . where v is an analytic function, this is proved exploiting the 
existence of a subharmonic extension un(z) of ujv(x). Using the Riesz rep- 
resentation theorem for subharmonic functions, it is shown that the Fourier 
coefficients of un(x) have the decay : 

(1.13) |%(fc)|<-£j for all k ^0 

It is important that the decay (|1.13j) is uniform in N. Using Fourier expan- 
sion, (|1.13|) implies, for x outside a small set, a good approximation of the 
mean < ujy > by averages of shifts of un(x), provided we consider shifts 
with a Diophantine frequency (so that their orbits are fairly uniformly dis- 
tributed on T). This, combined with the fact that un(x) is close to averages 
of its shifts provided the number of shifts considered is much smaller then 
the scale N, eventually leads to the proof of the LDT. 

For functions which are not analytic, un(x) does not have a subharmonic 
extension. The idea is then to substitute - at each scale N - in Mjv(x) and 
in njy(x), the potential v(x), by an appropriate truncation vn(x). The new 
function un(x) has a subharmonic extension, but the trade-off is that the 
decay of its Fourier coefficients is not uniform in N as in (|1.13JI , and we only 
get : 

(1.14) \u N (k)\<N 5 ^ for all k ^0 

where 5 > is a power which depends on how we define the truncations 
vn(x), and on the order s of the Gevrey class the function v(x) belongs to. 

As long as 8 < 1, we can use (jl.l4|) in a similar way the uniform decay 
()1.13j) is used in B , BG and therefore prove the LDT (see Theorem 13.11 
and Theorem 14 .!() ■ This situation corresponds to functions v 'close' to being 
analytic, namely v G G S (T) with s < 2. 

But in general, for functions in an arbitrarily large Gevrey class, the power 
5 in the estimate (|1,14[) is > 1, and (|1.14j) is too weak to prove the LDT 
with this method. The same kind of technical problem, but for a different 
model - the skew shift - was encountered in |BGSj . There, the authors used 
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the avalanche principle from |GS| to better control the size of the transfer 
matrices. We will follow this approach for the general case (see Section 5). 

The paper is organized as follows: in Section 2 we give the basic definitions 
and we show rigorously the approximation (truncation) argument explained 
above. In Section 3 we prove a technical result, on Diophantine shifts of 
subharmonic functions, to be used in the proof of the LDT. In Section 4 
we prove the LDT for the case s < 2. In Section 5 we prove the LDT in 
the general case, and the positivity of the Lyapunov exponent - which is 
the statement (P) in Theorem ll.il Using the LDT from previous sections, 
in Section 6 we complete the proofs of Theorem 11.11 and of Theorem 11.21 
by proving the continuity of the Lyapunov exponent and of the IDS (the 
statement (C) in these theorems) and Anderson localization for the operators 
(|l.lj) or (jl.lOj) (the statement (AL) in these theorems). 

2. Definitions, notations, general setup 

We assume that the function v = v(x) belongs to the Gevrey class G S (T), 
where s > 1 and T = M/2-7rZ. Therefore v(x) is a 27r-periodic function on R 
so that 

(2.1) v(x) =Y,v{k)e lkx 

(2.2) where |u(Jfe)| < Me-^ y ' VkeZ 

for some constants M, p > 0. 

At every scale N we will substitute - in the formula defining the Nth. 
transfer matrix M^{x) - the function v{x) by a trigonometric polynomial 
vn(x). This polynomial should be chosen to approximate v(x) within a 
very small error (this error should be (super)exponentially small in N), so 
that the "transfer matrix substitute" would be close to the original transfer 
matrix. Therefore, the degree deg vn =: N of this polynomial should be 
very large, namely, based on the rate of decay (|2.2[) of the Fourier coefficients 
of v, N should be a power of N (which would depend on the Gevrey class). 

The trigonometric polynomial vn has a holomorphic extension to the 
whole complex plane, but we should restrict it to a strip of width pn so 
that this extension would be bounded by a constant depending only on v 
(uniformly in the scale N). It turns out that the width pfj of holomorphicity 
should be p^ (deg v^)^ 1 m N^ 1 m N~ e , for some power 6 > 0. 

The fact that the "substitutes" vn(x) have different, smaller and smaller 
widths of holomorphicity, is what creates additional technical problems 
(compared to the v(x) analytic function case) and also makes this approach 
to fail for functions v(x) with slower rate of decay of their Fourier coeffi- 
cients. 

We therefore have to find the optimal "error vs. degree" approximations 
of v(x) by trigonometric polynomials vjst(x). Here is the formal calculation: 
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For every positive integer N, consider the truncation 

(2.3) v N (x) : = £ v{kY kx 

\k\<N 

where N = deg vjy will be determined later. 

vn(x) is an analytic, 2-7r-periodic function on R. It can be extended to a 
holomorphic (27r-periodic) function on C by: 

(2.4) v N (z) := v(k)e ikz 

\k\<N 

To assure the uniform boundedness in N of vn(z) we have to restrict 
vn{z) to the strip < pjy], where pn := ^iV 1 / 8 " 1 . Indeed, if z = x + iy, 
1 2/| < A/v, then: 

| Ujv (z)| = | ^ v(k)e tkz \ < \v(k)\e~ ky < M ^ e -pW 1/fl e NM < 

|fc|<JV \k\<N \k\<N 

N N oo 

< 2M ^ e -"l fc l 1/s+fc l^l < 2M £ e-f fcl/s < 2M £ e~i fcl/s =: B < oo 

fc=0 fc=0 fc=0 

where B is a constant which depends on p, s, M, and we have used : 
\ y \ <p N = fiV 1 / 8 - 1 < f for < iV. 

We also have |v(rc) — vn(x)\ < Ce~ c ^ 1/s for all x G R, where C, c > 
depend on p, s. 

We will need, as already mentioned, (super)exponentially small error, so 
N should be chosen such that e~ c ^ 1/a < e~ Nb for some b > 1. 

Therefore N := iV bs for some b > 1 to be fixed later, so the width of 
holomorphicity of v N (z) will be: p N = fiV^i" 1 ) = £at-^-i) = . 
where 6 := b (s — 1) > 0. 

We conclude: for every integer iV > 1, we have a function vn(x) on T so 
that 

(2.5) \v{x) - v N {x)\ < e~ cNb 

and vn(x) has a 27r-periodic holomorphic extension vn(z) to the strip 
< Pn = f A r " 5 ], for which 

(2.6) \v N (z)\ < B 

where the positive constants c, B depend only on v. The constants b, 8 are 
linked by S := b(s — 1) 44> b = ~4r and have to satisfy b > 1 and 5 > (so 
s<<5 + 1). 

For u G G S (T), cj G -DC K , A G R consider the discrete quasiperiodic 
Schrodinger operator : 

= H w ^\(x) := -A + Aw(x + nuj)5 n}n ' 



Let T = : T — » T, Tx := x + w be the shift by the frequency u, and 
let T 3 x = x + juj be its jth iteration. 

For every integer N > 1 and for every energy Bel, the Nth transfer 
matrix of H{x) is M^{x) = M^(x, u, A, E) := Hj=Ar AiT^x, A, E), where 

A(y)=A(y,X,E):=( X < y \- E " 1 ) 

Denote by Ln(E) = Ln(E, u, A) := J T ^ log ||Mjv(a;, A, dx. 
Then for every energy E 1 , 

(2.7) L(E) = L w \(E) := lim L N (E,u,X) = ini L N (E,u,X) 

N— >oc N 

is the Lyapunov exponent of (see also |B]). 

We now substitute vn(x) for v(x) in the definition of the transfer matrix 
M/v(x) and get : 

M N (x) := f[ A N (T*x) where i%) := ( Xvif W ~ E ) 
j=N ^ ' 

Denote also by L^{E) = Ljy(E, uj, X) := L i log | |Mat(x, w, A, J5)|| dx. 

The spectrum oi H UJj \(x) is contained in the interval [— 2— |A|S,2+|A|B], 
since sup^^ \v(x)\ < B. It is then enough to consider only the energies E 
such that \E\ < 2 + |A| B. 

By Trotter's formula, 

M N {x) - M N {x) = 

N 

= A(T N x) . . . A(T j+1 x) [A(T j x) - A N (T j x)} A N {T j ~ 1 x) . . . A N (Tx) 

A(Px) - A N (Tix) = ( Xv{T ° x) ~ Q Xv "( Tjx ) 
so 

\\A(Tix)-A N (Tix)\\ < \X\ sup \v(y) - v N (y)\ < \X\e~ cNb 
Moreover : 

M(T j x)\\ = || ( Xv( - TJ ^~ E - 1 \ || < \X\B+\E\+2<2\X\B+2<e s ^ 



so 



(2.8) \\A(Tix)\\<e s M 

where 5(A) is a (fixed, for fixed A) scaling factor : 1 < 5(A) « log(|A| +C V ) 
C v being a constant which depends on v. 
Clearly, we also have : 

11^(^)11 <\\( Xv *( Tj *) ~ E - 1 \ || < | A | B + \E\ + 2 < e s ^ 
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Therefore, 

N 

\\M N (x)-M N (x)\\ <Y,e SW ---e S{X) e- cNb e s ^...e s ^ < e NS(x)-cN> 



0=1 

i 



and since b > 1, if N > S(X) b - 1 , we get 

\\M N (x) - M N (x)\\ <e- cN " 

Since det Mn(x) = 1 and det Mn(x) = 1, we have that ||M/v(;r)|| > 1 and 

i 

I I-^aK 2 -)!! — 1- Thus, for all TV > S(X) b ~ 1 and for every x 



llog||M^(x)||-llog||M^(x) 



< l\\M N (x)-M N (x)\\ <e~ cNb 



and by averaging, 

L N {E)-L N (E) 
For fixed parameters lo, A, E consider: 



< e 



u N (x) := — log||Mjv(a;) 



and 



< njy >= Ln 



:= / un{x)(Ix 
Jt 



Since 



M N ( X )=fl( XVN{X+ 1 JUj) - E "M 

„■— AT \ / 



j=N 

and since vn(z) is the holomorphic extension of vn{x) to [\$sz\ < pn], it 
follows that 

j=N ^ ' 

is the holomorphic extension of Mjy(x) to the strip [\$sz\ < p^]- Using 6|) 
we get \\M N (z) \\ < S(X) N . Therefore 

u N (z) :=-log||Miv(2)|| 

is a subharmonic function on the strip [\Qz\ < p^ ~ N~ s ] so that for any z 
in this strip, I^xtvC-^) I ^ ^(X). 

We can summarize all of the above in the following : 

Remark 2.1. For fixed parameters u,X,E, at every scale N, we have a 
2-7r-periodic function un(x) := log ||Mjv(x)||, which extends on the strip 
[\^sz\ < pn], pat ~ N~ s , to a subharmonic function un(z) so that 

(2.9) |njv(z)| < 5(A) Vz G < Pn] 

(Note that the bound (|2.9|) is uniform in N). 
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Moreover, if 5 is chosen so that s < 1 + 5 and if N > S(X) b ~ 1 , where 
b = r^r > 1, then the transfer matrices Mn(x) are well approximated by 
their substitutes M/v(x): 



(2.10) 



N 



log||Mjv(x)|| -u N (x) 



< e 



-cN b 



\Ln— < un >| < e 



—cN 



(2.11) 

We will use estimates on subharmonic functions as in [B] , |BG| , |BGSj for 
the functions un in the remark above. 
The following will be used later : 

Remark 2.2. For all x £ T, and for all parameters uj, A, E, we have : 

CS{\) 



^ log ||M^(x)|| - 1 log \\M N (x + u) 



(2.12) 

where C is a universal constant 



< 



N 



Proof. 



^logllMjv^ll-^logllM^z + u;) 



1 lQg \\M N (x)\\ 
N & \\M n (x + lo) 



iV 6 (^(T^x) -^(T^x 



^(T 2 x) • A(Tz) 



A(T 2 x 
Oil 

after using (|2.8|1 . The inequality (|2.12|) then follows 



< 



< iloglK^T^x))" 1 !! • ||A(Tx)|| < ^ 



□ 



3. Averages of shifts of subharmonic functions 



Let u = u(x) be a function on T having a subharmonic extension, and 
uj G -DC K for some k > 0. We prove that for x outside a small set, the mean 
of u is close to the averages of shifts of u(x) by u. Here being 'close' or 'small' 
is expressed in terms of the number of shifts considered. To prove stronger 
estimates (see Theorem 13.1(1 . we have to consider higher order averages. In 
particular (see Corollary 13. 1|) we also get an estimate for first order averages, 
which is already contained (although not explicitly formulated) in B , BG . 

After writing this paper we have learned that Theorem 13.11 has been 
proved - even considering only first order averages - in |GSj (see Theorem 
3.8 in |GSp . However, we choose to present here our proof, since it gives a 
different argument - namely an optimization of the one in [B], [EI 

Consider the (Fejer) kernel (of order p) : 

(3.1) K P Rit ):=(lj2e^r 



j=0 
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Then we have : 



\K(t)\ 



i 

RP 



l-e 



iRt 



\-e % 



< 



R p \\t\ 



and also Lffp(t) < 1 so 



(3.2) 

We can write 
(3.3) 



\K p R (t)\ < mm{l, j— }< 



l + R p \\t\ 



1 p(«-i) 



i=o 



where Cp(j) are positive integers so that 



, p(h-i) 



Notice that if p = 1 then if* (t) = £ Ylf=o e ' jt so c fl0') = 1 for a11 3- 

Theorem 3.1. Let u : T — ► R, w G -DC K and p > 0. Assume that u{x) has 
a subharmonic extension to the strip [|9te| < p] so i/iat 

(3.4) |u(z)|<5 VzG[|9z|<p] 

Then, if 0<a< 1, 0<a<l — a and p G N, p > we /iai>e : 

(3.5) mes [x e T : | — ^ <? R (j) ■ u(x + ju)- < u > \ > -R~ a ] < e~ Ra 



3=0 



for R > Rq = Rq (k, a, a, p) . 

Proof. Fix the numbers a, o~, p subject to the constraints in the theorem. We 
may now suppress p from the notations (e.g. Kr = K R , cr = (? R ). 

Choose a G (a, 1) so that p > (which is possible since p > ). 

Since u(z) is subharmonic on [\^sz\ < p] so that Q3.4|) holds, from Corollary 
4.7 in 15 we get : 

(3.6) \« ( k)\ S f ^ 

Expand u as a Fourier series : 

u(x) =<u>+Y^ u(k)e lkx Vx G T 
fc^o 

=> u{x + juj) =<u> +Y,u{k)e ik{ - x+ju)) 

p(R-l) p(R-l) 

Yl c R (j)-u{x+ju;)=<u>+J2Hk)-(— CRtiV JkuJ )-e 

j=0 k^O j=0 
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Therefore, 

( 3 - 7 ) BP E c J? (j)-n(x + jo;)-<n>=^n(A ; ).^(M-e ifcx 
i=o fc^o 

We will estimate the right hand side of (|3.7|) . 

Since w G DC K , there is a best approximation y of so that 

(3.8) i?<g< ii?(log(l + i?)) 3 

thus 



(3-9) H-^ll >^ ifl <i<9 

(See chapter I in Lang]). 

Split the right hand side of the sum in (|3.7|) as : 

(3.10) "£u(k)-K R (ku;)-e ik * = E + E + E +E 

fc^O 0<\k\<R a R a <\k\<q k|<|fc|<_ft- |fc|>K 

where K = e R " with a' G (a, I — a). 

The first three sums in (POT)]) , denoted by (I), (II), (III) respectively, will 
be uniformly bounded in x by ^R~ a , while the forth sum, denoted by (IV) 
will be estimated in the L 2 -norm. 

kdi < Y, l«'NMl<^ £ ^ 

0<|fc|<.R<* r 0<\k\<R<* 

But w G L>C re so ||HI >«- |jfe|(loB( i +[jfe|))a < ilfcrHloglfcl) 32 ' 

Then 

1001 < - — ^R a{p - 1] (log Rf p R a = -—RP^-VaogRY < -R- a 

since p > and provided R is large enough, R > R a (K,a,p). 

To estimate (II) and (III) we need the following: let / C Z be an interval 
of size |/| < q. Then for any k,k' £ /, since \k — k'\ < \I\ < q, (|3.9(1 
implies \ \ku> — k'uj\ \ > Arranging the points ku>, k G / according to their 
distances on the torus to 1, we get : 

V \K R (ku)\ < Vmin{l, — ^^}<1+ V ^_<l+l<! 

fcei" fce/ 1111 i<[i|<9 

Then, for any interval I C Z of size < q, 

(3.H) El^NI<| 

kei 

It follows that: 

|(II)| < £ |n(fc)|.|i^(MI<f E ]il^(MI< 
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since a > a, and provided i? > Ro(k, a). 
Similarly: 

|(iii)| < y \m\-\K R (ku)\<- y m\ K *V aa )\ = 

\ q \<\k\<K ' | g [<|*|<K 1 1 

= - y y ^i^ R (mi<- y -| = 

p ^ ^ \ky 1 ;| P ^ sqR 

l<s<K/q (s-l)q<\k\<sq 1 1 r l<s<^/g 

since cr' < 1 — a. 
We conclude that : 

(3.12) |(I)| + |(II)| + |(III)| <|fl- 

uniformly in x £ T, and for R > Rq(k, a,p). 
We know estimate (IV) in the L 2 -norm: 

/ l(IV)| 2 = f | y u(k)K R {ku)e lkx \ 2 dx = y \u{k)\ 2 \K R (ku)\ 2 < 

jT JT \k\>K \k\>K 

\k\>K 1 \k\>K 1 1 1 1 

Using Chebyshev' s inequality we get: 

mes [x G T : I (IV) | > -iT Q ] < (-R- a y 2 ■ (-) 2 e~ R °' = R 2a e~ Ra ' 
P P P 

Therefore, since a < a' , we have : 

(3.13) mes [x £ T : I (IV) I > -R~ a ] < e~ w 

P 

provided R > Ro(a, a). 

The estimate (|3.5[l follows now from l|3.12j) and (|3.13|) . □ 

Notice that in the estimate (|3.5|) which we have just proved, the greater 
the power a is, the stronger the estimate becomes. For an arbitrary subhar- 
monic function u(x), a = 1 — is probably optimal. 

Also notice that as a — > 1 we have a — > and p — > oo, so we need higher 
and higher order averages to get (f3~5|) . 

On the other hand, we can work with first-order averages (p = 1) as long 
as we only need a < \ (say a = |) and a < 1 — a (say a = |). In particular 
we get : 
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Corollary 3.1. Let u : T — ► M, uj £ DC K and p > 0. Assume that u{x) has 
a subharmonic extension u(z) to the strip [\Qz\ < p] so that \u(z)\ < S for 
all z £ [\Qz\ < p\. Then, for R > Ro(k) we have: 

1 S i 

(3.14) mes [i£T:|-^ u(x + ju)- < u > \ > -R~ 1/3 ] < e~ R 

j=0 p 

4. Large deviation theorem: the case s < 2 

Theorem 4.1. Consider the Schrddinger operator hl.lb]) : 

Hlo(x) := -A + v(x + nuj)5 n y 

with v £ G S (T) where 1 < s < 2, and u> £ DC K for some k > 0. 
Then, for every energy E £M, 

(4.1) mes [x £ T : |-Llog \\M N (x,E)\\ - L N (E)\ > N~ T ] < e~ Na 

for some positive constants t, a which depend on s, and for N > Nq(k, v, s). 

Proof. We fix the energy E (the estimates will not depend on it), so we can 
drop it from notations. The order s of the Gevrey class satisfies s £ (1,2), 
so there is 5 £ (0, 1), s < 1 + 6. Put b := > 1> an d recall Remark 2.1 
(note that here the disorder A is fixed): 

For all x £ T and for N large enough, N > iVo(u,s), if we consider 
un(x) := jj log | |Mjv(x)| | and < un >■= JjUN(x)dx, then: 



(4.2) 



— log||Mjv(x)|| -u N (x] 



<e- Nb 



(4.3) | L N - < u N >| < e 



-N 



Moreover, un(x) extends to a subharmonic function un{z) on the strip 
< pn], Pn ~ N~ s , so that |itjv (^)| < S for all z in the strip, and 
uniformly in N (here S depends only on v, namely on sup^g-j- \ v(x)\ = B). 

We will apply Theorem 13. II for u(x) = un(x) as follows. 

Choose a £ (5, 1), a G (0, 1 - a), p 6 N, p > j^; take R = N 1 ' 6 , where 
e > is sufficiently small. Then ~ SN s N~ (1 ~^ a « N~ c , where 

c = (1 — e)a — 5 > if e is small enough. 

Theorem 13 . 1 1 then implies: 

. p(R-i) 

(4.4) mes [x £ T : \— <? R (j) ■ u N (x + ju)- < u N > \ > N~ c ] < e~ mi 

3=0 

for N (therefore R) large enough, N > Nq(k,s). The positive constants c 
and o\ ( = (1 — e)<r) depend only on s. 
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We now have to compare X^jmo ^ ^r(J) ' u n{% + j^) and un(x). Re- 
calling Remark 2.2, for any i£T and for every N, (|2,12|) holds, so: 



^log||M 7V (x)|| -^log\\M N (x + u) 



< 



S_ 

N 



Combining this with (|4.2[) . we get that for any cc, u; and for N large enough, 

S 

\u N (x) - u N {x + oj)\ < — 



Therefore, for every integer j : 



\u N (x) - u N (x+juj)\ < 



m 

N 



It follows that for any x,u G T, and for TV large enough 
(4.5) \un(x 



± "z 40) ■«»(«+ *oi < s § = AT 

3=0 



The estimate (|4~Tj) (with < r < min{c, e}) follows from and (j43|) . □ 

Remark 4.1. Regarding the constants r, a in (|4.1|) . notice from the above 
proof that r, a — > as s — > 2. 



5. Large deviation theorem: the general case 

We prove the LDT for the Schrodinger operator Q1.1JI where the function 
v G G S (T) with s > 1 arbitrarily large and the frequency cj G -DC K for some 
« > 0. 

We use Remark 2.1. Choose 5 > so that s < 1+8 (say 5 := 2(s— 1)), and 
consider at every scale N the corresponding truncation v^(x) of the function 
v(x). This will give, for every set of parameters lo, A, E, the transfer matrix 
substitute Mn(x) and the function un(x) := ^ log ||Mjv(;c)|| which extends 
on the strip of width ~ N~ s to a subharmonic function un(z) satisfying 
I«iv0)| < S(X) uniformly in N. Moreover, if N > CS(X), from (l2~Tn|l and 
PTTTj) we get 



(5.1) 



— \og\\M N (x)\\-u N (x) 



< e 



ciV 2 



(5.2) 



< un > | < e 



-cN 2 



Notice that since s is arbitrarily large, so is 8, and we cannot use the 
method from Section 4 to prove the LDT. We will follow the ideas in BGS 
and use instead the avalanche principle to boost the estimates on uat(x) 
given by Corollary 3.1. For the reader's convenience, we reproduce here the 
statement of the avalanche principle (see |GSj for the proof) : 
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Proposition 5.1. Let Ax, ... , A n be a sequence of arbitrary SL 2 (M) matri- 
ces. Suppose that 

(5.3) min ||.A,-|| > ll > n 

l<j<n J 

(5.4) max [log | \A j+1 \ | +log||A i || - log | \A j+1 Aj\ |] < ^log/^ 

l<j<n 2 



Then 



n-1 



(5.5) | \og\\A n - AxW + ^logWAjW - \og\\Aj+]_Aj\\ \ < C- 

We prove the LDT by induction on the scale N. The initial condition 
step of the induction follows from the transversality condition only - we 
don't need any regularity condition here, but just the "non singularity" of 
v(x). The regularity condition (|1.4f) is needed for the inductive step. 

Lemma 5.1. (The inductive step) 

The data is the following: a function v G G S (Y), s > 1, 5 := 2{s — 1), 
D := 5 + 3, A := max{12 • 5, 2}; some fixed parameters u, X, E such that 
uj £ DC K for some k > 0, \E\ < \X\B + 2 ( where sn\> x ^j \v(x)\ < B as in 
Section 2); a fixed number 7 > \. 

Assume Nq, the small scale, is a sufficiently large integer, Nq > Nqq(s, k), 
so that Corollary 3.1 applies at this scale and so that different powers and 
exponentials of Nq behave as they are suppose to do asymptotically, e.g. 
< e^> No etc. 

Assume i5.1\) holds at scale Nq, that is, Nq has to satisfy 

(5.6) iV > CS(X) & |A| < e cNo 
Take N , the large scale, so that : 

(5.7) iV A < N < e^ N ° 
Suppose the following hold : 

(5.8) mes [x G T : | ±- log | \M No (x, X, E)\ \ - L No (A, E)\ > l-S(X)} < N~ D 

1\Q 1U 



(5.9) 



1 , ■■ »^ /_ x rtMl r ,x mix 7 o/ui . A7-D 



mes [xeT:\—\og\\M 2No (x,X,E)\\-L 2No (X,E)\ > -^S(X)} < N 



(5.10) L No (X,E), L 2No (X,E) > 7 5(A) 



(5.11) 



L No (X,E)-L 2No (X,E)<^S(X) 
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Then there are absolute constants c, Cq > so that 
(5.12) L N (X, E) > 75(A) - 2(Ljv (A, £) - L 2No (A, £)) - C S(A)iVoiV~ 



(5.13) L N (X, E) - L 2N (X, E) < CqS^NqN' 1 

(5.14) 

mes [x£T:\^log\\M N (x,X,E)\\-L N (X,E)\ > S(X)N^ 1 ^ 10 } < e ~ cNl/1 ° 

Proof. The parameters uj, X, E are fixed, so they can be suppressed from 
the notations. For instance Mn(x) = Mn(x,ll>, X,E), 5(A) = 5 etc. 

We can assume, without loss of generality, that N is a multiple of Nq, 
that is, N = n ■ Nq. 

Indeed, if N = n ■ N + r, < r < N , then 

(5.15) \^log\\M N (x)\\ 3— log||M n .iv (x)||| < 25iV iV- 1 

Jy n ■ 1\q 

Therefore, if we prove 1)5.12)) . ()5.13)1 . (|5.14|) at scale n ■ Nq, then they hold 
at scale iV too. 

To prove ()5.15)) . first notice that M^{x) = B(x) ■ M n .N (x), where 

n-7Vo+l n-JVo+1 

B(x) := Y[ A(T j x) = ]"[ A(T j x) 

j=N j=n-N +r 

SO 

||S(x)|| < e r - s < e N °- s and ^(x)- 1 ]] < e r - s < e N °- s 
Since ||M n .jv (a;)|| > 1 and ||Mjv(a:)|| > 1, it follows that: 

n-JV n 

Uog\\M N (x)\\ - ^log||M n .^(x)|| = ^-log ll |^ (x)l1 " < 

n ■ Nr\ n ■ Nn 

< 1 1 \\B(x)\\^-\\M n . No (x)\\-^ 
~ u-Nq ° g \\M n . No (x)\\ 



Similarly 



< We 7 ^ 5 )^ = SNqN- 1 

n ■ Nq 



1 . log I \M n . No (x) 1 1 - 1 log | \M N (x) 1 1 = -L- log ■ 1 1 Mn - N ° {X) 



u-Nq b " ™" N 611 " V u-Nq 6 || Mjv (x)||^ 

u-Nq 

- 1 log[f^#^.||M^)||^< 



n-iVo bL V \\M N (x)\\ 
< ^jf Q log UKBix))- 1 ^ ■ \\M n . No (x)\\* } < 

< —I— log [(e^)^ • (e nN ° s )^} = 2SNQN- 1 
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and the inequality (|5.15|) now follows. 

Denote the set in (|5.8j) by Bn and similarly the set in (|5.9|) by B 2 n - 
If x £ B No then using (|5.8|) . (|5.1U|) we get 

||M7v (x)|| > e -&SN +L No .N > e ^SN = . ^ > N 

SO 

(5.16) \\M No {x)\\>fi>n iix(£B No 

For 1 < j < n = ^ consider Aj = Aj(x) := M No (T^-^ N °x). Then 
(|5.16|) implies 

n 

(5.17) min | \Aj(x) 1 1 > n for all x ^ M T- jN °B No 

l<j<n ^-^ 

j=0 

Since A j+1 (x) ■ Aj{x) = M 2No (T^-^ N °x), using ffHty . Q , (|5TTT|) . for 

z £ Uj=o( T_iAr0jB JVo) u U™=o( T ~ iiVOjB 27Vo) (which is a set of measure 
< 2iV- D • iV = 2iV- D+1 ), we have : 

log | \A j+1 (x) 1 1 + log 1 1 Af (x) 1 1 - log 1 1 (x) • Aj (x) \ \ = 
= log | likf^^^x)! | + log 1 1 Af^ (T^- 1 )^^)! | - log 1 1 Af 27Vo (T^" 1 )^^)! | < 
< N (L No + ^) + N (L No + fjf) + 2N (^ - L 2No ) = 



4SW 9S^y 1 
2N (L No - L 2No ) + -^-N < -^-N = - log 



Therefore, 



(5.18) log | \A j+1 (x)\\ + log | |Aj- (x) 1 1 - log 1 1 A i+ i (x) • A,- (x) 1 1 < i log /i 

for x outside a set of measure < 2N~ D+1 . 

We can now apply the avalanche principle (Proposition 15.1)) and get: 
(5.19) 

n— 1 n— 1 

|log||A ri ,(x).....A 1 (x)|| + ^log||A J (x)||-^log||^ +1 (x).^(x)||| <C- 

3=2 3=1 ^ 

for x outside a set of measure < 2N~ D+1 . 

Hence, since N = n • Nq and A n (x) ■ ... ■ A\{x) = Mn(x), we have: 

n-1 

| log \\M N (x)\\ + J2 log 1 1 M No (tW'x) 1 1 - 

3=2 

n-1 

-^logllM^^-^HI^C- 

3=1 ^ 
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Therefore 

n-l 1 

(5.20) | - log ||M^(x)|| + - ^ — log HM^^-^x)!! - 

i— 2 

n— 1 

In (j5.2U|) replace x by each of the elements {x,Tx, ...T No ~ l x} and then 
average (add all the iVo inequalities obtained and divide by No). We get: 

1 7Vo_1 1 1 JV_1 1 

( 5 - 21 ) \jf E F log||M^)|| + -^— logllM^CT^II- 

2 " : 1 , , „, C 



^-^iog||M 2JVo (r^)|||< 

Using Remark 2.2 we have: 

1 1 JV °~ 1 1 

(5.22) |— log 1 1 Mat (a;) 1 1 - — £ - log \\M N (T>x)\\ \ < 

3=0 

Prom (f5~2Tj) and (fB~2^|) we get: 



1 1 1 

(5.23) | -log\\M N ( X )\\ + -J2 w log\\M No (^x)\\- 

j=0 

" | £ ^ M|AW^)ll I < ^f 2 + f < CSiVoiV- 
i=o u p 

for x^B i: = Uf =0 (T-iB No )uU] =0 (T-iB 2No ) where mes [BJ < 2iY- D+1 . 
Integrating the left hand side of (|5.23f) in x, we get: 

(5.24) \L N + L No - 2L 2No \ < CSNqN' 1 + 45 • 2iV~ D+1 < CoSNoN' 1 

^L N + L No - 2L 2No > -CoSNqN- 1 

^L N > L No -2(L No -L 2 n )-C SN N- 1 > 7 5-2(L 7Vo -L 2i v )-Co5iVoiV" 1 
which proves (|5.12j) . 

Clearly all of the arguments above work for N replaced by 2N, so we get 
the analogue of (|5.24j) : 

(5.25) \L 2N + L No - 2L 2No \ < CqSNqN- 1 
From ()5.24j) and (|5.25|) we obtain 

L N ~ L 2N < CoSNqN- 1 

which is exactly (|5.13j) . 
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To prove (|5.14j) consider un (x) := log | \Mn {x)\ | which extends to a 

subharmonic function un (z) on the strip [\$sz\ < pn ra -^o" 5 ] so that f° r z 
in this strip, |ujv (z)| — S. The same holds for U2N (x)- 

Using 1)5.1 Jl which holds at scales Ao and 2Ao by (|5.6|l . we can 'substitute' 
in O ^logHMjVoCT^x)!! by u No (Px) and ^ log ||M 2 jv (7%)|| by 
U2N {T 3 x) and get, for x ^ Sj: 
(5.26) 



iV-l „ N-l 



±]og\\M N (x)\\ + u N (Ti X ) ~^Y1 <W^)| < CSNoN' 1 



'N 011 ' N ^ uv ' N 

3=0 j=0 



Applying Corollary 3.1 to ujv and U2N we get : 
(5.27) ' 

N-l 

eT:|-^ u No (T^x)- < u No > I > S ■ N$ • AT 1 ' 3 ] < Ce^ 



mes \x _ _ . . , . 

j=0 



(5.28) 

2V-1 

mes x 6 T : |— u 2JVo (T^)- < u 2iV o > | > S ■ iVjJ ■ A^ 1 / 3 ] < Ce^ 1/3 



Denote the union of the two sets in (|5.27|) . (|5.28|) by £> 2 . 
Since A" satisfies (|5.7|1 . 

5 • A" 5 • Af~ 1/3 < S ■ (N 1/A ) s • N- 1/3 < S ■ N~ 1/4 
so from (t5~271) . (tB^Hl) we get: 

(5.29) I — log||Mjv(x)||+ < U7v > -2 < u 27 v > I < 

< CSNoN' 1 + ^ • N~ 1 ' 4 < 25 • N~ 1 / 4 
for x ^ B := B\\J B2, where 

mes [B] < 2N- D+1 + 2e~ iVl/3 < 3AT- D+1 < N~ D+2 . 
Using (|5.2|) at scales A^, 2A"o and taking into account Q5.7JI . (|5.29|) becomes: 

(5.30) I log I |Mjv(x)| I + L No - 2L 2 n \ < 2S- N' 1 ' 4 + 2e~ cN o < SSN' 1 / 4 

provided x ^ B. 

Combine (jo"3U|) with (jQH) to get: 

(5.31) l-ilogHMjv^)!! - -tjvl < C SN N- 1 +3S- N' 1 ' 4 < S- N^ 5 

for all x ^ -B, where mes [5] < N~ D+2 . 

Notice that ()5.31|) is not exactly what we need in order to prove the 
estimate (|5.14|) . We have to prove an estimate like 1)5.31)1 for x outside an 
exponentially small set. We will use Corollary 4.10 in [B] (see also Lemma 
2.3 in |BGSj ) to boost 1)5.31)1 to the desired estimate 1)5.14)1 . We reproduce 
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here, for convenience, the "rescaled" result in [B] (we have to take into 
account the width p of the subharmonic extension of u(x)) : 

Proposition 5.2. Assume u = u{x) : T — > M has a subharmonic extension 
u(z) to the strip [\5$z\ < p], p > 0, so that \u(z)\ < S for all z. If 

(5.32) mes [x G T : | u(x)— < u > \ > eo] < ei 
then, for an absolute constant c > 0, 

(5.33) mes [x G T : | u(x)- < u > \ > y/eft < e^^VW ) 

Prom (|5.31[) . using again <|5. 1|) . Q5.2B at scale TV, we get: 

(5.34) mes [x G T : | Ujv(x)- < u N > \ > S ■ iV" 1/5 ] < N- D+2 

We apply Proposition 15.21 to u(x) := ^un(x) = log | j JQjv C 37 ) 1 1 ■ 
The function u(x) has a subharmonic extension u(z) = ^un(z) to the 
strip [\^sz\ < pn] where p = pn ~ N~ s , so that |n(z)| < 1 on this strip. 
The estimate (|5.34j) implies 

(5.35) mes [x G T : | u{x)- < u > | > A^ 1 / 5 ] < A r_Z)+2 
Put e = AT" 1 ^ ei = N~ D+2 , S = 1, p = N~ 5 , so that 

^ + JUll = N -l/lO + {N -D+2 N l/ 5NS) l/2 = ^-1/10^-4/10 < 2iV -l/10 

V e o • P 

The estimate 1)5.1 4 Jl follows then from Proposition 15.21 □ 

Remark 5.1. The width p of the strip of subharmonicity in the estimate 
(|5.33|) is a great obstacle in extending the LDT to operators given by more 
general functions v{x). Indeed, notice that in order to get a decay in (|5.33f) 
we should have e\ = o(p) 44> - = — = o(^j-) = o(N c ), for some big C. On 
the other hand, when the decay of the Fourier coefficients of v(x) is slower 
then 1)1. 5JI . to get the correct error in the approximation of v(x) by fjv(x), 
deg vn has to dominate any power of N . Hence — deg vn ^> N for 
any C > 0. 

Remark 5.2. Another obstacle, which we believe prevents this approach 
(by polynomial approximations) to provide the inductive step in the proof 
of the LDT when v(x) is in a Sobolev space is the following: the decay of 
the Fourier coefficients of a function v(x) in a Sobolev space is polynomial. 
Therefore, we need trigonometric polynomials vn(x) of degree 3> e N to 
obtain the exponentially small error in the approximation. Then the width 
Pat of holomorphicity should satisfy 3> e . If we have the LDT at scale 
N and we want to prove it at scale A r 1 , then we need to use Corollary ()3.1)) 
for u{x) = un {x) and R = N\. Therefore we should have N\ 3> 3> e^ , 
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hence N\ 3> e^ . The next scale ./V2 should be then N2 3> e^ 1 and so on. 
To continue the induction, we should prove that at scale N\ we have: 

(5.36) mes [x G T : | — log \\M Nl (x)\\ - L Nl \ > N{ £ ] < N 2 10 < e~ Nl 

iVi 

But this is far stronger than an estimate of the form mes [...] < e~ N ? for 
some a G (0, 1) - and something which does not even hold in the classical 
large deviation theory in probabilities, which our LDT mimics here. 

We will prove the initial condition step from the induction on scales, 
via large disorder, and using the transversality condition (jl.7j) . Let's first 
consider the transversality condition more throughly. 

Lemma 5.2. Assume v is a smooth, 2n -periodic function on M. Then v 
satisfies the transversality condition \1. 7| ) if and only if 

(5.37) 3m >1 3c>0 such that ViET: max \d k v(x)\ > c 

Kk<m 



The constants m,c in \5.37\ ) depend only on v. 

Proof. Clearly (|5,37|) =>■ (|1.7|) . The converse is an easy compactness argu- 
ment: 

Vx G [0, 2ir] 3m x > 1 such that \d mx v (x)\ > c x > 
3 r x > so that if y £ (x — r x , x + r x ) then \d mx v (y)| > c x > 
The family { (x — r x , x + r x ) } x . g r 0)27r ] is a covering of [0, 2ir]. Consider a finite 
subcover (x 1 - n,Xi + n), ...,(x k - r k ,x k + r k ). 

Put m := maxjmj : 1 < j < k}, c := minjcj : 1 < j < k}, where rrij, Cj 
have obvious meanings, and ()5.37|) follows. □ 

The following lemma is a Lojasiewicz-type inequality (see [Ej). A step in 
its proof is contained in [E| (see Lemma 3 in jEj ) . 

Lemma 5.3. Assume that v is a smooth function on [0, 2tt] satisfying the 
transversality condition \1. 7| ). Then for every t > 

(5.38) sup mes [x G [0, 2vr] : \v(x) - E\ < t] < C ■ t b 

where C, b > depend only on v. 
Proof. First we show that (|5.37|) implies 

(5.39) mes [x G [0, 2tt] : \dv {x)\ < e] < C • e 1/m 

for some C = C{v) > and for every e > 0. 

From Lemma 15.21 there are m > 1 and c > such that for all x G [0, 2ir] 

max |<9 fc t>(x)| > c 

l<fc<m 

Let 

A := max max \d k v(x)\ < 00 

l<fc<m+l xe[0,27r] 
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Partition [0, 27r] in ~ ^ many intervals of length < ^ each, and let I be 
such an interval. 

Fix e > 0. We can clearly assume e < c. 

Then either |9f(x)| > e for all x £ I, so we are done with the interval /, 
or there is xq £ I so that |<9i;(xo)| < e < c. In this case, for some 2 < j < m, 
\d J v (xq)\ > c. Let's say j = m (this is the worst case, anyway), so 

(5.40) \d m v(x )\ > c 
If x £ I, then 

(5.41) \d m v(x) - d m v(x )\ < sup \d m+1 v(y)\ ■ \x - x \ < A ■ \I\ < ^ 

y ei 2 

(5.42) ffTlTOl and (|QTj) => \d m v(x)\ > | \/ x £ I 

Let's now analyze d m ~ l v on /. If for some x\ £ I we have \d m ~ 1 v{xi)\ < 
e 1//m , then for every x £ I with \x — X\\ > ~ ■ e 1//m , there is y £ I so that 

|d m -Vx) - ^-^(xi)! = \d m v(y)\ • |x - xi| > - • - • e 1/m = 2e l ' m 

2 c 

Therefore there exists an interval I\ C\ I , < - ■ e 1//m , so that 

(5.43) if x £ I\h, then \d m ^v(x)\ > e l ' m 

Now let's analyze d m ~ 2 v on which has at most two connected com- 
ponents, J\, J2. If for some x<± £ J\ we have \d m ~' 2, v{x2)\ < e 2 / m , then for 
every x £ J\ C I\Ii with \x — X2I > 2 e 1 /™, there is y G Ji so that 

|d m - 2 i>(x) - a m - 2 t;(x 2 )| = |d m -y y )| • |x - x 2 \ > e 1/m ■ 2e 1/m = 2e 2/m 

Therefore we get an interval h C J\ C such that I/2I < 2e 1 / m and 

(5.44) if x £ Jx\I 2 , then |d m " 2 ?;(x)| > e 2/m 

Doing the same for J2, we get ^ C J2 C A-^i such that I/3I < 2e 1//m and 

(5.45) if x G I\(h U J 2 U J 3 ), then |<9 m - 2 t;(x)| > e 2/m 

We continue this for m — 1 steps (when we end up with <9t> ). We obtain 
2 m — 1 intervals, each of length < e 1//jn so that outside these intervals 

m— 1 

|cw (x)| > e m > e 

Therefore, 

(5.46) mes [x £ I : \dv (x)| < e] < C x ■ e l ' m 

where C\ is a constant which depends on m and c. But then 

24 

mes [x £ [0, 2vr] : |0u (x)| < e] < — • d ■ e l l m < C ■ e l l m 

c 

so (j5.39j) is proved. We are now ready to prove ()5.38|) . 
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For E GM. arbitrarily fixed, we have: 

[x : \v(x) - E\ < t] C [x : \dv (x)\ < t 1/4 ]U 

U[x: \dv(x)\ > t 1/4 and \v(x) - E\ <t] =: E 1 U E 2 
Using (|5.39|) with e = t 1 / 4 we get 

mes < Ct~ 
Now we estimate the measure of E 2 . Let 

A := max \d 2 v (x)\ 

xe[0,27r] 

Partition [0, 2ir] in ~ i -1 / 4 many intervals of length < jjt 1 ^ each and let 
/ be such an interval. If / n E 2 = 0, then we are done with the interval /. 
Otherwise, let x\ G / n E 2 , so \dv {x\)\ > t 1 / 4 . If x 6 /, then 

\dv{x) - dv(x x )\ < sup \d 2 v{y)\ ■ \x - x x \ < A ■ \I\ < -t 1/A 

Therefore, if x G I, then > \t l ^ A . 

Now let x G I with \x — x\\ > 4i 3 / 4 . For some y G / we have: 

|(u(z)-^)-(t;(a;i)-£0| = \v(x)-v(xi)\ = \dv{y)\-\x-x x \ > -t 1/4 -4t 3 ^ = 2t 

But x\ G E 2 , so |f(xi) — E\ < t. 

Therefore, if x G / with |x — xi| > 4t 3 / 4 , then — -E| > t, so x ^ E 2 . 

It follows that mes [Jn£ 2 ] < 4t 3/4 , so mes [E 2 ] < r 1 / 4 -t 3 / 4 = t 1 / 2 and 
the inequality (|5.38j) is proved. □ 

Lemma 5.4. (The initial condition step) 

Assume that v is smooth and that v satisfies the transversality condition 
\ 1. 7| ], Then there are positive constants \\, B which depend on v and s so 
that for all N and for all X subject to: \X\ > max{Ai, N B } we have: 
(5.47) 

sup mes [x G T : | 1 log | \M N (x, A, E)\\ - L N (X, E) \ > ±- 5(A)] < N~ a2 - d 

where A and D are the constants defined in Lem,ma \5.1\ (they depend on s). 
Furthermore, for these X, N and for all E we have: 

(5.48) L N (X,E) > is(A) 

(5.49) L N (X, E) - L 2N (X, E) < ±- 5(A) 

oU 

Proof. This statement is the analogue of Lemma 2.10 in [B(j£>j. The model 
considered in |BGS| is the skew-shift, and the potential v is assumed real 
analytic. The only fact about the analyticity of v used in the proof of 
Lemma 2.10 in |B(xSj is the Lojasiewicz inequality 1)5.3 J) . We have proved 
this inequality assuming (only) the transversality condition on v (see Lemma 
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15, 3|) . Therefore, the proof of our result, Lemma 15, 41 is completely analogous 
to the proof of Lemma 2.10 in the aforementioned paper. We skip this 
argument here, but refer the reader to IBGSj . 

It should be noted that in |BCS| the measure of the set in (|5.47|) is shown 
to be < iV~ 50 . Here we want it to be < N~ a2 ' d . Of course, this will not 
make any difference in the proof, we just have to choose the power B even 
larger, depending on A and D. □ 

We are now ready to prove the main result of this section - the LDT and 
the positivity of the Lyapunov exponent (statement (P) in Theorem I l.ljl . 

Theorem 5.1. Consider the Schrddinger operator M.l\) : 

Hu,\{x) ■= -A + Xv(x + nu)6 nin i 

where the potential v G G S (T), s > 1, and v satisfies the transversality 
condition fl 1. Assume that the frequency uj G DC k for some k > 0. 

There exists Xq = Xq(v, k) so that for every fixed A with |A| > Ao and for 
every energy E, we have: 

(5.50) mes [iET: |— log \\M N {x, A, E)\\ -L N (\,E)\ > N~ T ] < e~ N ' 

for some absolute constants r, a > 0, and for all N > Nq(X, k, v, s). 
Furthermore, for every such uj, A and for all energies E 6K we have: 

(5.51) L UtX {E) > | log |A| >0 

Proof. We show that there exists Ao = Ao(k, v, s) such that if A is fixed, 
|A| > Ao and if N > N (X, k, v, s) then for some absolute constant c > we 
have : 

(5.52) mes [x G T : |i log ||Mjv(x)|| - L N \ > SN' 1 / 10 } < e~ cNl/W 
Clearly (IB321 => (I53H1) . 

Take Nq large enough, A^o > Nqq(s,k), so that Corollary 3.1 applies at 
this scale and so that different powers and exponentials of A^o behave as 
they are suppose to do asymptotically, e.g N A <C eio N °, (2Nq) b <C e cN ° , 

Nf-° < e cN o 1 etc., where A, B, c, D are the constants introduced earlier 
in this section (they depend only on s). 

Nq will be the scale at which we use the initial step - Lemma 15.11 This 
lemma gives Ai, B > such that for every A with |A| > max{Ai, Nq B } and 
for N with N A < N < Nf , jS3ty . (IBUll) . (IBTTl) hold at scale A^ . We also 
need (|5.9|) . so just choose A with |A| > max{Ai, (2N ) B }. 

In order to apply Lemma 15.11 to move to a larger scale, we also have to 
satisfy the condition (|5.6|) : |A| < e cN °. 

Therefore, in order to use both the initial step and the inductive step at 
small scale Nq and with disorder A, the numbers Nq, A have to satisfy: 

(5.53) (2N ) B < |A| < e cNo 
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(5.54) 



N > N 00 



(5.55) |A| > Ai 

But we want to prove the LDT for every disorder A large enough, |A| > Ao 
(not just for A in a bounded interval). 

The trick is to choose first A large enough, and then to pick iVo = iVo(A) > 
A'oo such that (|5.53|) holds. This is possible because: there is A2 > such 
that for all A with |A| > A 2 , there exists iVo = N (X) > N 00 so that ljB33|l 
holds . 

Indeed, QEHEb | log |A| < AT < \\\\ l,B 

We can find A2 large enough, A2 = A 2 (k, v,s), so that if |A| > A 2 , then 

-log|A|>Afoo and - log |A| « ~| \\ l l B 
c c 2 

It follows that for every such A we can pick Nq = Nq(\) so that = log |A| < 
N < ^\X\ 1/B , thus (IB331) . (1531) , (IB3B1 hold. 

Now we can start the proof of (|5.52|) . Let Ao := max{Ai, A 2 }. Fix A with 
|A| > A . 

To start off the induction, choose the initial scale A^o so that Mog|A| < 
A^o < flA) 1 / 5 . Therefore (fS~55)) . (|5"Mj) . (|53S|) hold, and we can apply 
Lemma 15.41 and Lemma 15. II with small scale Nq and disorder A. 

If the large scale N is such that 

< N < Nq 2 (< e®^ ) 

from Lemma 15.41 we get 

mes [x G T : \±-l og \\M No (x)\\ - L No \ > ±S] < N^ D < N~ D 

mes [x G T : |-L log ||M 2A r (x)|| - L 2No \ > ±S] < N~ D 

Ln , L 2 n 

Ln - L 2 n < ™ S 

Thus, (|5.8|) - (|5.11|) hold at scale Ao with 7 = 70 = \. Lemma l5~Tl implies 
that for the large scale A" in the range [Nq, Nq 2 ] we have: 

(5.56) L N > 7o 5 - 2(L No - L 2No ) - CqSNqN- 1 



(5.57) L N - L 2N < CqSNqN- 1 



(5.58) mes [x G T : \j-log\\M N (x)\\ - L N \ > S N' 1 / 10 } < e ~ cNl/W 
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where c, Cq > are absolute constants. 

From Q5.58JI we get 1)5. 52|) for the scale N at least in the range [N A ,N A2 ]. 
If N% is anywhere in this range, say N% = N A , then (|5.57|) implies: 

L Nl - L 2Nl < CoSNoN- 1 < C N Q A+1 S (< i • ^ • S) 

and combining this with (|5.56[) . 

L Nl >j S- 3C N A+1 S = ( 7o - 3C N A+1 ) ■ S =: 7 i ■ S 

where 7 i := 7o - 3CoiV - A+1 > \ - 3 ■ \ ■ ± > \. 
Therefore we get 

(5.59) L Nl > 7l S 



(5.60) L ^- L ^^\-To- S ^fo- S 

Also 2Ni = 2N^ is in the range [N^,Nf] so we get (153311 at scale 2JV X : 

(5.61) L>2Ni > JiS 

If JVjj is the next large scale, so that N A < N 2 < N a2 , then since e~ cN ^ < 
N{ a2 - d < N 2 D , (I53H1) implies 

mes [xeT: \±-l og \\M Nl (x)\\ - L Nl \ > ^S] < N 2 D 

mes [xeT: |-L log ||M 2Ari (x)|| - L 2JVl | > ^5] < N 2 D 

We can apply Lemma 15 . 1 1 again . with N\ as the small scale, and N 2 as the 
large one, where N 2 E [N A , N A ]. From (|5.14|) we get (|5.52|) at least in the 
range [Nf,Nf] = [Nf, Nf], while from KWt . KWi we get: 

L N2 - L 2N2 < CoSNtNz 1 < C N{ A+1 S (< \ ■ ^ • S) 

L N2 > 7i 5 - 2(L Nl - L 2Nl ) - CoSN^ 1 > ( 7l - 3C iVf A+1 ) • S =: l2 ■ S 

where 72 := 7l - 3C iVr A+1 = \ - 3C N^ A+1 - 3C N^ A+1) > \. 
Hence L^ 2 > 72 • S and L^ 2 — L 2 ^ 2 < ^ • S. 

Continuing this inductively, we get (|5.52|) at every scale N > N A . Also, 
at step k, if N e [N^, Njf], then L N > 7fc • 5 > ~ • 5 so 

L = inf Ln > - ■ S 

N 4 

and (j5.51|) is proved. □ 
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6. Proof of the main results. Final remarks 



We are now ready to prove Theorem 1 1 . 1 1 and Theorem ll.2l We will show - 
both in the perturbative and the nonperturbative case - that the Lyapunov 
exponent and the IDS are continuous functions with a certain modulus of 
continuity (which is the statement (C) in Theorem 11.11 and Theorem II. 2|) 
and that the operators 1)1.1(1 and Ijl.lOj) satisfy Anderson localization (which 
is the statement (AL) in Theorem 11.11 and Theorem II. 2|) . 

In Theorem II. II we consider the Schrodinger operator 1)1.1)1 : 

Huj^x) := -A + Xv(x + mo)5 n ^ 

where the function v £ G S (T), s > 1 and it satisfies the transversality 
condition 1)1.7)1 . and the frequency u> S DC K , for some k > 0. 

Based on Theorem 15.1) there is Ao = Xq(v,k) > so that if we fix A 
with |A| > Ao (and we suppress it from notations), the following is true for 
H u (x) = H Ut x{x): 

(1.1) The Lyapunov exponent satisfies 

L U (E) > i log |A| =:c >0 

for all lo € DC K and for all energies 

(11.1) For every energy E we have the estimate 1)5.50(1 : 

mes [xeT:\^log\\M N {x,E)\\-L N {E)\ > N~ T ] < e~~^" 

for some universal positive constants r, a and for N > Nq^^KjV). 

In Theorem II. 21 we consider the Schrodinger operator 1)1.10)1 : 

H UJ (x) := —A + v(x + nuj)8 n y 

where the function v £ G S (T), s G (1,2), and the frequency to £ DC K for 
some k > 0. 

(1.2) We assume that the Lyapunov exponent of H u} (x) satisfies 

L U {E) > c > 

for a.e. u £ DC K and for all energies E in some compact interval / (when 
we prove the statement (C)) or for all energies E G R (when we prove the 
statement (AL)). 

(11.2) From Theorem 14 . 1 1 we get the estimate 1)4.10 : 

mes [x £T : \^log\\M N (x,E)\\ - L N (E)\ > N~ T ] < e~ N " 

for all energies E, for some positive constants r, a which depend only on s, 
and for all N > Nq^k, v) (remember that a, r — ► as s — » 2). 

Therefore, we either prove (for Theorem 11.1)1 or we assume (for Theorem 
11.2(1 that the Lyapunov exponent is bounded away from 0. Also, in both 
cases we have a LDT for the transfer matrices associated to 1)1.1)1 and (|1.1U|) 
respectively. 
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Proof of the statement (C). Let Nq be any sufficiently large integer, iVo > 

No,q(k,v, s) (so that the LDT holds at this scale, Ln (E) — L(E) < 
N -r < ca etc ) _ 

Then from the LDT we have: 

(6.1) mes [x G T : |-L log \\M No (x,E)\\ - L No (E)\ > N Q T ] < e~ N S 

so for x outside a set of measure < e ° , 

1 9cn 
— logHM^^^H > Ln (E) — Nq t > 

Choose < 7] < a (< 1) and consider the large scale ./V ~ e ( 3SN o) r ' j so 
iV « ^(logA^) 1 /'?. 
From ifBTTjl wc get: 

(6.2) mes [xeT: |-^log||Mjv (a;,E)|| - L No (E)\ > < e"^ < ^ 

We may clearly assume that 1)6.2(1 holds for iVo replaced by 2iVo. Also 
notice that 

L No (E) - L 2No (E) < L No (E) - L(E) < g 

Therefore, arguing exactly as in the first part of the proof of Lemma 15.11 
- using the avalanche principle at small scale iVo and large scale N - we get, 
after integrating in x, (see also 1)5.24(1 . 1)5.25)1 ): 

(6.3) \L N {E) + L No (E) - 2L 2No (E)\ < CSNqN- 1 



(6.4) \L 2N (E) + L No (E) - 2L 2No (E)\ < CSNoN' 1 
Hence 

(6.5) \L N {E) - L 2N (E)\ < CSNqN- 1 < C(log Nf^N' 1 

Notice that 1)6.3(1 , Q6.4I) , 1)6.5(1 hold for every iVo large enough and for every 
N such that N ~ e ( 3SN o) v ^ or ^ ^ 1 (logJV) 1 /'?). Therefore, summing over 
dyadic TV's in ()6.5(l we get: 

(6.6) \L N (E) - L(E)\ < C(log iV) 1 ^-! « CA^A^ 1 
Substituting ()6.6)1 in ()6.3j) we get for every energy E: 

(6.7) \L(E) + L^CS) - 2L 2JVo (S)| < CNoN' 1 
Using Trotter's formula, we have: 

M No (x,E)-M No (x,E') = 

N 

A(T No x, E)... [A(T*x, E) - A(T'x, E')} . . . A(Tx, E') 

3=1 
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But 



A(Px,E)-A(Px,E') = ( E \ E \ \ 
\\A(T j x,E)\\ < e s for all Ee I 



so 



\\M No (x,E) - M No (x,E')\\ < e SN ° \E - E'\ 
Therefore, since ||Mjv (a:,.E)|| > 1 and \\M No (x, E')\\ > 1, we have 
\log\\M No (x,E)\\ - log\\M No (x,E)\\ \ < 

< \\M No (x,E)-M No (x,E')\\ <e SNo \E-E'\ 
Integrating in x we obtain: 

(6.8) \L No (E) - L No (E')\ < e SN ° \E - E'\ 
Similarly for 2Nq we get: 

(6.9) \L 2No (E) - L 2Nq (E')\ < e 2SNo \E-E'\ 
Then from (|6.7j) . (|6.8|) . (j6,9j) we conclude: 

(6.10) \L(E) - L{E')\ < CNqN- 1 + 2e 2SN ° \E - E'\ 

Set \E - E'\ = e~ 3SNo , so 2e 2SN ° \E - E'\ = 2e~ SN ° < NoN' 1 
We proved that for any E, E' so that \E — E'\ = e~ 3SNo (where A^o is any 
sufficiently large integer), 

\L(E) - L{E')\ < CNoN- 1 < Ce" c(1 ° g W^m )ri 

where C = C(I, k, v, s), and c is an absolute positive constant. 

This concludes the proof of the continuity of the Lyapunov exponent. The 
corresponding result for the IDS is obtained by standard methods, using 
Thouless formula and some elementary properties of the Hilbert transform 
(see Section 10 in |GS| for more details). □ 

Remark 6.1. The modulus of continuity of the Lyapunov exponent and of 
the IDS in Theorem 15.11 can be improved to 

(6.11) li £ (t) = C £ e- c|logl|1_f 

for every e > 0, where C t = C(e, A, k, v, s), and c > is an absolute constant. 
We sketch the proof of this fact. 

First notice that in order to get this stronger modulus of continuity, we 
only need to prove a sharper version of our LDT, namely the following: 

(6.12) mes [x G T : | — log \\M N (x, E)\\ - L N {E)\ > N~ T ] < e~ N ° 

for any < a < 1, for some r > and for all N > Nq(ct, r, A, k, v, s). 

This sharper LDT cannot be proved using our result, Theorem 13.11 on 
averages of shifts of subharmonic functions. This is because in Theorem 
13.11 in order to obtain sharper estimates, one has to consider higher order 
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averages, which does not fit into the avalanche principle argument used in 
the proof of the LDT. 

However, using Theorem 3.8 in |GS| - where only first order averages 
are needed to prove sharp estimates on averages of shifts of subharmonic 
functions - one gets the following: 

If u = u(x) is a function on T, with a bounded (by S) subharmonic 
extension to a strip of width p, and if uo E DC K , then 

1 ^ ^ £j 

(6.13) mes[x£T:|-^ u{x + juj)- < u > \ > -iT a ] < e~ R " 

3=0 9 
for any < a < 1, < <r < 1 — a and R> Ro = Ro(k, a, a). 

Using (|6.13|) in our proof of the LDT, instead of Corollary 13. 11 as well as 
a modified (optimized) version of Proposition 15.21 one gets (|6.12|) . and from 
there the stronger modulus of continuity (|6.11|) . 

It should be noted that the modulus of continuity of the Lyapunov ex- 
ponent and of the IDS given by ()6.11|) is optimal for this method of proof. 
We don't get Holder continuity, although one could expect this to hold, as 
in the analytic case (see |GS| ). 

Proof of the statement (AL). From the LDT (ii.l), (ii.2) - exactly as in [Bj . 
|BG| - by using Cramer's rule, we obtain the following 'good bounds' on the 
Green's functions G\(E,x) associated to the operators (|l.lj) . Ql.lOj) . 

For every N large enough and for every energy E, there is a set £In(E) C T 
with mes [Qn{E)] < e~ N " so that for any x ^ Qn(E), one of the intervals 

A = A(x) = [1, N], [1, N - 1], [2, N], [2, N - 1] 

will satisfy : 

(6.14) \G A (E, x)(n u n 2 )\ < e -L(E)\ni-m\+N^- 

Sincet>(:z;) = Ylk&v(k)e ikx and \v(k)\ < Me"* |1/s , substituting in (|6~T4^) 
v(x) by v\(x) := Yl\k\<CN a v(k)e lkx , we can assume that the 'bad set' Qn(E) 
has not only exponentially small measure, but it also has bounded algebraic 
complexity (i.e. it is semialgebraic of degree 

The rest of the proof of the localization for the operators (|1.1|) . (|1.1()|) uses 
semialgebraic set theory, and follows exactly the same pattern as the proof 
of the corresponding result for the analytic case. The reader is referred to 
jBj, |BG| (see for instance chapter X in [B]). □ 

Remark 6.2. There are some natural problems left unsolved. 

One is to extend E. Sorets and T. Spencer result on the positivity of 
the Lyapunov exponent (see |S-Sj ) from analytic functions to functions in a 
Gevrey class G S (T) - at least for s G (1,2). One also has to decide whether 
a trans versality condition is needed here. 

A second problem is to prove nonperturbative localization for the operator 
(jl.lj) when v £ G S (T), where s > 1 is arbitrarily large (with or without the 
transversality condition) - a result proved for v analytic (see BG\, |B]). 

32 



A third problem is to improve the modulus of continuity (|6.11|) of the 
Lyapunov exponent and of the IDS to say, Holder continuity, as in the 
analytic case. 

Finally, of course, the membership to a Gevrey class should not be the 
ultimate regularity condition on a function v defining the potential of the 
operator 1)1.1(1 . One should consider more general Carleman-class functions, 
or even functions in a Sobolev space, and see if similar localization results 
can be obtained. In E,emark l5.1l and E.emark |5.21 we mentioned the obstacles 
we had in using our method for these more general problems. 
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